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Question 1 [17 marks]|. Consider the curve
C={(xy) € R* | 4x* +y* = 16},
and consider the following parametrisation of C:
vi(=2,2)=C, vyt = (t, \/M) .
(a) Sketch the image of y. (5]

(b) Find the unit tangents and the unit normals to C at the point (ﬁ, 2\/2) Draw
and label these on your sketch from part (a). 8]

(c) Can the parametrisation y be used to directly compute the tangent line to C at
(0,—4)? Briefly explain why or why not. [4]

(a) [Seen similar] The image of y is drawn in red. [5 marks| (Here, one needs not be
exact—getting the general shape of y along with a few key values of y would suffice.)

5%
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(b) [Seen similar| First, a direct computation yields

'Y/(t) = (], —\/%) . []_ mark]

Furthermore, observe that
y(\/Z) = (\/Z, 2\/2), y'(\/z) = (1, =2), ‘Y'(\/ZH — /5. [2 marks]
As a result, the unit tangents are given by

1 1
t* = im .y/(\/i)y(ﬂ) = iﬁ (1, =2)(yz,2v3)- |2 marks]

The unit normals are then obtained by rotating the unit tangents:

1
nt = iﬁ (2, 1)(yz,2v3)- [l mark]

Alternatively, one can note that C is a level set of the function f(x,y) = 4x* +y?,
defined on all of R?. Taking a gradient of f, at each (x,y) € R?, yields

VElx,y) = (8%, 2y)(xy). [2 marks]
Moreover, note that
VE(V2,2V2) =4V2(2, 1) 003, |VF(V2,2V2)| =4V2 V5. [2 marks|
As a result, the unit normals are given by

- 1 - L mar
n _i‘vf(ﬂ)zﬁ)’w(ﬁ,z\fz)_i\/g(z,1)(\/22@ 1 mark]

and the unit tangents can then obtained by rotating the above

1
v =t Y (V2 = £

h,/(\/j)} (1, —2)(\@2\/5). [1 mark]

-

Finally, the unit tangents and unit normals are drawn in blue and purple, respectively,
on the sketch in part (a). [2 marks]

(c) [Unseen| No. [1 mark] The point (0, —4) does not lie in the image of vy, thus the
tangent line at (0, —4) cannot be extracted from vy. [3 marks]
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Question 2 [23 marks|.  Consider the surface
S={(xy,z) eR* |0 <x <2 4y*+4(z+ 1) =%},
and consider the following parametrisation of S:
0:(0,1) xR — S, o(u,v) = (2u, ucosv, usinv —1).

(a) Sketch the image of 0. Moreover, on your sketch, indicate (i) one path obtained
by holding v constant and varying u, and (ii) one path obtained by holding u
constant and varying v. 8]

(b) Find the tangent plane to S at the point (1,3,—1). [6]

HSH - dA,

where S has the outward-facing orientation, and where H is the vector field

(c) Compute the surface integral

H(X>yyz) - (XZ, —Z— ]v U)(X,y)l)a (X>Uaz) € R3' [9]

(Hint: The image of o is all of S.)

(a) [Seen similar| The image of o is drawn below [4 marks]; examples of level paths are
drawn in (i) blue [2 marks] and (ii) purple [2 points|, respectively. (Here, one needs not
be exact—getting the general shape of o along with a few key values of o would sulffice.)
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(b) [Seen similar] The partial derivatives of o satisfy

070(u,v) = (2, cosv, sinv), 0,0(u,v) = (0, —usinv, ucosv). [2 mark]

1 1
(29)-(v21),
ao(to)=@21,0. ow(t0)=(00 1 3 marks]
1 2) - y Iy 5 2 2) - ))2 marks

Thus, by definition, the tangent plane is given by

1
T(],f%,fns =T (z» O)

:{a-(z,ho)(u;,—w*b'(0’0’9( )
1.1 1

y2)

Moreover, notice that

and that

a,be R}. [1 mark]

(c) [Seen similar] First, we further restrict the domain of o:
p:(0,1) x (0,2m) — S, p(u,v) = (2u, ucosv, usinv —1).
Note p is injective, and its image is all of S except for a single curve (u = 0). [2 marks]
Next, direct computations show that
01p(u,v) = (2, cosv, sinv), 02p(u,v) = (0, —usinv, wcosv).
Furthermore, we can calculate

H(p(u,v)) = (4%, —usinv, wcosv)yu.),
[01p(u,v) x 020(u, v)]puy) = (U, —2ucosv, —2usinv)yn,y). [3 marks]

By inspection, we see that [0;p(u,v) X 0,p(u,V)]pw,v points inward from S, thus p
generates the orientation opposite to our given outward orientation. [2 marks].

Finally, combining the above, we compute that

” H-dA = —” [(4u?, —usinv, ucosv) - (u, —2ucosv, —2usinv)] dudv
S (0,1)x(0,27)

27 1
= —J va 43 du
0 0
= —27.  [2 marks]
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Question 3 [19 marks].
(a) Find the minimum and maximum values of the function
f:R? 5 R, f(x,y) =x—y,

subject to the constraint
x'+y' =32

Also, at which points are these minimum and maximum values achieved? [15]

(b) Dr Mistake wishes to find the maximum and minimum values of a(x,y) = x,
subject to the constraint b(x,y) = x> —y? = 1. For this, Dr Mistake applies the
method of Lagrange multipliers to solve the system

Va(x,y) :?\Vb(x,y), b(X,y) :17

and correctly obtains the solutions (x,y,A) = ﬂ:(] , 0, %) to this system. However,

Dr Mistake then incorrectly concludes that the maximum and minimum values of
a(x,y) are £1 and are achieved at (x,y) = £(1,0). What did Dr Mistake do

wrong? Explain Dr Mistake’s mistake. [4]

(a) [Seen similar] First, notice that the constraint curve x* +y* =1 is both closed and
bounded, therefore the maximum and minimum values in this constrained optimisation
problem are guaranteed to exist. [3 marks]

Let g denote the function corresponding to the constraint:
g:R* - R, g(x,y) =x" +y*.
First, we compute the gradients of f and g:
Vx,y) = (1, =1 xy); Vg(x,y) = (4%°, 4Y°) (xy)-

The method of Lagrange multipliers then indicates that we must solve the system,
T=A-4x3, —1=A-4  x*+y*=32. [3 marks]

From the first or second equations of the system, we obtain that A # 0, since otherwise

we obtain a contradiction T =0 or —1 = 0. [2 marks]

With this in mind, we can divide by 4A in the first two equations to obtain

1
3_ .3 _
X—47\ Yy, X y.

Combining this with the third equation yields

32 =x"+y* =2¢", y = +£2,
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while the above then implies

1 1

From all of this, we conclude that there are two solutions to our system:

1 1
(%, y,A) = (—2, +2, —ﬁ) , (+2, -2, +§) . [4 marks]

We can now evaluate f at each of the above points:
f(—2,42) = —4, f(+2,—2) = +4. [l mark]
Since the extrema of f are guaranteed to exist, we can hence conclude that:
o The maximum value is +4, and this is achieved at (x,y) = (+2,—2). [1 mark]

o The minimum value is —4, and this is achieved at (x,y) = (—2,42). [1 mark]

(b) [Seen similar] The constraint curve b(x,y) =1 (a hyperbola) is not bounded, thus
the maximum and minimum values need not exist for this constrained optimisation
problem. [4 marks] (In fact, a(x,y) achieves neither a maximum value nor a minimum
value when subject to the constraint b(x,y) =1.)
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Question 4 [20 marks].

(a) Show that the following set is a curve:
M ={(x,y) € R*|x* —3xy +2y* =1}.
Briefly explain your reasoning. (5]
(b) Compute the arc length of the curve

X={(xy,z) eR|0<z<1, x=2 1y =e*. (6]

(c) Let F be a vector field on R3. Dr Mistake wishes to compute the curl of the
divergence of F (i.e. V x (V- F)). Why is Dr Mistake not allowed to do this? [4]

(d) Let C denote the unit circle about the origin,
C={(xy) eR*|x¥*+y>=1},
with the anticlockwise orientation, and let W be the vector field on R? given by
W(x,y) = (ax + by, cx + dy) ),

where a,b,c,d € R are fixed constants. Apply Green’s theorem to compute
J W . ds,
C

State your answer in terms of the constants a, b, c, d. (5]

(a) [Seen similar] First, note that M can be expressed as the level set
M = {(x,y) € R*| f(x,y) = 1}, f(x,y) = x* — 3xy + 2y”.
The gradient of f satisfies
Vi(x,y) = (2x — 3y, 4y — 3X)(xy), [2 marks]

which, by a bit of linear algebra, vanishes only when (x,y) = (0,0). [2 marks] Since
(0,0) & M., it follows (from the level set theorem) that M is indeed a curve. [1 mark]

(b) [Seen similar] First, note that the function
A:(0,1) = X, At) = (2€', €% 1)

is an injective parametrisation of X, whose image is all of X. [2 marks] Moreover,

M) = (2e, 2e*, 1), [N(t)] = Ve + et +1=1+2e*. [2 marks]
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Finally, we use A to compute the desired arc length:

1 1

A'(t)] dt = J (1+2e*)dt = (t+e™)[i5) = e®.  [2 marks]
0

L(X) _J

0

(c) [Unseen| The divergence of F is a real-valued function, but the curl is only applied
to vector fields. Thus, the curl of the divergence of F is not defined. [4 marks]

(d) [Seen similar| Let D denote the interior of C:
D ={(x,y) e R* | x* +y* < 1}.

Applying Green’s theorem, we see that
J W.ds = H [0x(cx 4 dy) — 9y(ax + by)] dxdy. [3 marks]
C D
Recalling that the area of D is 7t - 12 = 71, we then conclude

LW -ds=(c—D) ﬂD dxdy = (c —b)m. [2 marks]
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Question 5 [21 marks].
(a) Is the following parametric surface regular:
p:R? 5 R p(u,v) = (ucosv, usinv, u*)?
Justify your answer.

(b) Find the unit normals at the point (\/Z, —V2, \/Z) to the hyperboloid

H={(x,y,z) € R3 !422 :x2+yz+4}.

(c) Let Q be the quarter-sphere,
Q={xy,z) eR | x*+y*+22=1,x>0,y > 0}.

Describe the boundary of this surface Q, as one or more curves in R3. (You
should express these curves as sets, or you can draw them for partial credit.)

(d) Recall, from discussions in the lectures or lecture notes, that one can apply
Green’s theorem in order to express the area of an open region D C R? in terms
of integrals over the boundary of D.

Describe how one can similarly apply the divergence theorem to express the
volume of an open region V C R? in terms of an integral over the boundary of V.
Here, you can suppose that the boundary of V is a single surface S.

(a) [Seen similar] We begin by differentiating p:
d1p(u,v) = (cosv, sinv, 4u’), 02p(u,v) = (—usinv, ucosv, 0). [2 marks]

In particular,
d1p(u,v) x d:p(u,v) = (—4u’ cosv, —4u*sinv, u),

which vanishes whenever u = 0. [2 marks] Thus, p is not regular. [1 mark]

(b) [Seen similar] Note that H can be written as the level set
H={(x,y,z) € R* | h(x,y,z) = 4}, h(x,y,z) = 42> —x* —y*.
Moreover, the gradient of h satisfies
Vhix,y,z) = (—2x,—2Y,82) (xy,2)- [2 marks]

Note that in particular,

Vh(V2, —V2,V2) = (= 2V2,2v2,8V2) s s 55,
’Vh(\ﬁ, —V/2, \ﬁ)‘ =12. [2 marks]
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As a result, the unit normals to H are given by

+ _ 1 _
n _i}Vh(ﬁ,ﬁ,ﬂ)IVh<\/§’ V2, \ﬁ)

V2
:I:? (=1, 1,4) vz v3va- [2 marks]

(c) [Seen similar] The boundary of Q consists of two semi-circles:

Ci={(x,0,z) e R?|x*+22=1,x >0},
C;={(0,y,2) eR*|y* +2* =1,y >0}

[5 marks| ([3 marks for correct drawing])

(d) [Unseen] Let F denote the vector field on R® given by

1
F(X,U»Z) - g (X,y,Z)(x,y,z)-

Note that
(V- -F)(x,y,z) =1, (x,y,z) € R®. [2 marks]

Here, F can be replaced by any vector field with divergence equal to 1.

Applying the divergence theorem, we then see that

RS

hence the volume of V is expressed as the integral of F over S. [3 marks]

Page 11

End of Paper.
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