MTH5113 (Winter 2022): Problem Sheet 11
Solutions

(1) (Boring computations—but you should know how to do them) Consider the following
vector fields F, G, H on R?, where:

F(X)y)z) = (X> Yy, Z)(x,y,z)a
2 —_—

G(X)y)z) = (X ) ny) 3XZ) (X»yylb
H(X)y,Z) = (XZ + yz + Z’z) X4 _UZZZ’ XUZ)(X,U»Z)'

(a) Compute the divergence of F, G, and H at each point (x,y,z) € R3.

(b) Compute the curl of F, G, and H at each point (x,y,z) € R3.

(a) For F, we have, by the definition of the divergence,

(V : F)(X,U)Z) - ax(x) + ay(y) + az(z) =3.

Similarly, for G, we have

(V-G)(xyy,z) = 0. (x?) + 0y (—2xy) + 0,(3xz)
= 2x — 2x + 3x

= 3x.
Finally, for H,
(V-H)(x,y,z) = 0, (x? +yz +2%) + ay(x4 —yzzz) + 0,(xyz)
= 2x — yz* +xy.
(b) For F, we have, by the definition of the curl,

(V X FJ(X’H)Z) = (ay (Z) - az(y)a az(x) - ax(z)> ax(y) - ay (X))(x,y,z)
— (O» O)O)(x,y,z)-



Similarly, for G, we have
(V x G)(x,y,z) = (0y(3xz) — 0,(—2xy), 0,(x%) — 0x(3xz), 0x(—2xy) — ay(xz))(x)y)z)

— (O> _3Z) _Zy)(xay)z)'

Lastly, the curl of H satisfies
(v X H)(X,%Z) - (A1 (X)U)Z)) AZ(X)y)Z)) AS(X)U)Z))(X,y,z]a
where

Aq(x,Y,z) = 0y(xyz) — 0,(x* —y*2?) = xz + 2y°z,
As(x,y,2) = 0.0 +y* +2%) — d.(xyz) = 22— yz,
A3(X>U>Z) = ax(x4 _UZZZ) o ay(xz +yz + Zz) = 4X3 o Zy

As a result, we conclude that

(V x H)(x,y,2z) = (xz + Zyzz, 2z —yz, 4 — 2Y) (xy.2)-

(2) (Fun with Green’s theorem) Let C denote the circle
C={xy) e R |x*+y* =9},

and let us assign to C the anticlockwise orientation.

(a) Let F be the vector field on R? defined by
F(x,y) =(x—y, x+ U)(ny)'

Compute the curve integral of F over C directly.

(b) Compute the curve integral from part (a) using Green’s theorem. Check that your

answer here matches the answer you obtained in part (a).

(c) Let G be the vector field on R? defined by

9999999999999 _x 33333333333333 .2
G(x,y) = (x e +y, x+y e™) () -



Compute (using your favourite method) the curve integral of G over C.

(a) To compute the curve integral, we first parametrise C:
v : (0,2m) — R?, v(t) = (3cost, 3sint).

Note that v is an injective parametrisation of C, whose image is all of C except for a single

point, and which generates the anticlockwise orientation of C. Thus, we have

27

J F.ods—+ J F(y(£) v/ (t)y0] dt.
C 0

To compute this integral, we observe that

v'(t) = (—3sint, 3cost),
F(y(t)) = (3cost —3sint, 3cost + 3sint)zeost,3sint)
F(y(t)) -y (t)yq) = 9sin® t + Isin’t = 9.

As a result,
27
J F-ds:J 9dt = 18m.
C 0
(b) Let Fy and F, denote the directional components of F:
By =x—y, Ry =x+y,  (xy) R’
Note in particular that

01F2(x,y) — ki (xy) =1— (1) =2.

Thus, by Green’s theorem, we have that
J F.ds= jj[ale(x,y) — 0,F1(x,y)l dxdy = IIZ dxdy,
c D D

where D is the interior of the circle C:

D ={(x,y) e R* | x* +y* < 9}.



(Note in particular that the anticlockwise orientation of C is the “positive” orientation ob-

tained from Green’s theorem.) Finally, since D is simply the circular disk of radius 3, then

J F.-ds=2-AD)=2-(m-3*) =18m
C

(c) Let Gy and G; denote the directional components of G:

9999999999999 x

e +vy, Ga(x,y) =x+ 1:,3333.3333333333ezy_

G](X)y) =X

Note that
a]Gz(X,y) — 6261(x,y) =1—-1=0.

Thus, applying Green’s theorem, and letting D be as in part (b), we have

G.ds= 01Gy(x,y) — 0,G1(x,y)] dxdy = 0.
L S £j[1 2(%,y) 2G1(x,y)] dxdy

(3) (Fun with Stokes’ theorem) Let S denote the upper half-sphere,
S={(xy,z) eR} | x*+y* +22=1,z> 0}
In addition, let C denote the boundary of S, i.e. the circle
C={(x,y,0) € R® [ x* +y* =1},
and assign to C the (anticlockwise) orientation generated by the parametrisation
v:R — R, v(t) = (cost, sint, 0).
(a) Let F be the vector field on R® given by
F(x,Y,2) = (%, Yy Z)(xy.2)-

Compute directly the curve integral of F over C.

(b) Evaluate the integral from part (a) by applying Stokes’ theorem and computing instead

an appropriate integral over S. Make sure that you obtain the same answer as in (a).

(c) Let G and H be smooth vector fields on R, and assume that G(p) = H(p) for every
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p € C. Using Stokes’ theorem, show that

ﬂ(v X G)-dA = H(v % H) - dA.
S S

(Here, S can be assigned either of its orientations.)

(a) First, note that the function
Y« : (0,27) — C, Y«(t) = (cost, sint, 0)
is an injective parametrisation of C that covers all of C except for a single point (1,0,0).
(Note also that vy, generates our given orientation of C.) As a result,
27

J F.ods—+ J F(v.(£) - v, (t)y. 0] dt.
C 0

To compute the above, we notice that

F(‘Y*(t)) - (COS t, sin t, 0)(cost,sint,0)a
v.(t) =

(—sint, cost, 0),
F(v.(t)) 'Y;(t)v*(t) =0.

As a result, we obtain our solution,

27t
J F-ds:J 0dt =0.
C 0

(b) We begin by applying Stokes’ theorem to obtain

LF-ds:fo(VxF)-dA,

where S is assigned the upward-facing orientation (i.e. given by the side of S facing the
positive z-direction). In particular, this orientation of S is associated, via Stokes’ theorem,

to our given orientation of C; see the examples in the final lectures.



Next, observe that by a direct computation, we have
(v X F)(X,U,Z) - (ayZ_ azyy azx - axZ) axy - ayx)(x,y,z) - (O) O) O)(x,y,z]-

Since V x F vanishes everywhere, it follows that

LF-ds:fo(vXF)-dA:o.

(c) Since G and H are assumed to be identical on C, we trivially have

J G-ds:J H . ds.
C C

(Here, we can use either orientation of C, whichever matches our choice of orientation for

S.) Thus, applying Stokes’ theorem twice, we obtain

jsf(vXG)-dA:LG-as:LH-ds:fsj(vxH)-dA.

(4) (Pun with the divergence theorem) Let S? denote the unit sphere centred at the origin,
S*={(xy,2) eR* [ +y*+22 =1},

and assign to S? the outward-facing orientation.

(a) Let F be the vector field on R? given by

F(nyaz) = (X) Yy, Z)(nyal)‘
Compute directly the surface integral of F over 2.

(b) Evaluate the integral from part (a) by applying the divergence theorem and computing

an appropriate triple integral. Make sure that you obtain the same answer as in (a).

(c) Let L be the vector field on R® given by

x562,27 512,43

X (x4 ze¥) 1+ x 0y + 24y‘7e4293>( -
X)y,z

_ 543 y2+z* 5234 z
L(X?y)z’) - <y ey z ) €

Evaluate the surface integral of L over S2.
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(a) To compute this surface integral, we first recall that
p, 1 (0,2m) x (0,71) — S, P« (1, v) = (cosusinv, sinusinv, cosv)

is an injective parametrisation of S? which covers “almost all” of S?, and that p, generates

the inward-facing orientation of S?. As a result, we have that

IIF -dA = J] {F (1, v)) - [0104 (1, V) X 320 (1, V)], (up) } dudv
2 (0,271) x

In addition, direct computations (include work from previous weeks) yield

F(p*(ua\))) - p*(u)\))p*(u,vb
a1p*(u,v) X alp(u)\)) = —sinv- p*(u)\)),

F(p*(u,v)) : [a1p*(u,v) X aZp*(u»V)]p*(u,V) = —sinv.

Thus, combining all the above and applying Fubini’s theorem, we conclude that

7T

g F-dA=— Kﬂ L (—sinv) dvdu

= ZT[J sinv dv
0

= 471.

(b) Let W denote the region bounded by S?, namely, the ball of radius 1 centred at the

origin. Moreover, observe that the divergence of F satisfies
(V- F)(X)y)z) = 0xX + ayy +0,z=3.
Thus, by the divergence theorem, we obtain

ﬂF - dA = Uj(v “F)(x,y,z) dxdydz = 3 - Hj dxdydz.
S2 w w

Now, the integral of 1T over W is the volume of the unit ball W, which is simply



(Remember your pre-university mathematics!) As a result of this, we obtain

QF-dAzs-?:zm

(c) Note that the divergence of L vanishes everywhere:

(V . L)(X,y, Z) — ax <y543eyz+z425234> + ay [ex562227—xuz43 (X + ZeXJ127
+0, (1 +x"%y + 24y]7e4293>
=0.

Thus, letting W be the region bounded by S* and using the divergence theorem, we obtain

” L-dA = ﬂf(v -L)(x,y,2) dxdydz = H 0 dxdydz = 0.
S2 W o

(5) (Setting boundaries I)
(a) Describe the boundaries of the following subsets of R?, as one or more curves in R?:
(i) D1 ={(x,y) € R? [ x* +4y? < 4}.
(i) Dy =(0,1) x (0,2).
(iii) D3 ={(x,y) €eR?*|x <1,y >0,y <x}.

(b) Describe the boundaries of the following surfaces in R3, as one or more curves in R3:

(i) S1={xy,z) eR|x*+y*+22=1,x >0}
(i) S; ={(x,y,z) eR} | x¥* +y? =1, —1<z< 1}
(i) S3={(x,y,0) e R*[x € (0,1),y € (0,2)}.

(c) Describe the boundaries of the following regions in R, as one or more surfaces in R3:

(i) Vi={(xy,z) e R® | x> +y*+2z* < 9}
(i) V2= (0,1) x (0,1) x (0,1).
(iii) Vs ={(xyy,z) e R® | x* +y* <1, —1<z< 1}

(a) Plots of Dy, D;, D3, and their boundaries are given below:
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(i) Since Dy is the inside of the ellipse x* +4y? = 4, its boundary is simply the ellipse itself:
Ci ={(x,y) € R* | x* +4y* =4).

(ii) Here, D, is a rectangular region. Its boundary consists of the 4 sides of the rectangle,

which can be expressed as 4 separate curves (or more specifically, line segments):

Coi={Lhyl0<y<2}, Cp={x2)[0<x<1}
Cops=1{0,y) [0<y <2}, Coa={(x,0)[0<x <1}

(iii) Observe that Dj is the triangle that bounded by the x-axis, the vertical line x = 1, and
the diagonal line y = x. Thus, its boundary is simply the sides of this triangle:

Cs1 =1{(x,0) |0 <x < 1}, G ={ly) o<y <1} Caz=1{(xx) [0 <x < T}

(b) Plots of Sy, S,, S3, and their boundaries are given below:

HHZ ) Yy
y !/ 1 z
_ | X
N .
\ T
IR ) sy
—1 — C3;1
— G — GCsp
® S; — G353
— Cy;1 — C3y4




(i) Note that Sy is the “right half” of the unit sphere S? centred at the origin. Thus, its

boundary is the unit circle that is the intersection of S* and the yz-plane:

Ci ={(0,y,z2) € R3 |y2+22 =1}

(ii) Observe that S, is the segment of the usual cylinder (centred about the z-axis) lying
within the range —1 < z < 1. Thus, the boundary of S, consists of the cross-sections of the

cylinder at z=1 and z = —1, i.e. two separate circles:

Cor={xy, NI +y* =1},  Copa={(xy, NI +y> =1}
(iii) Here, S; is simply a rectangle lying on the xy-plane (in fact, the same rectangle as in
part (a.ii)). Thus, the boundary of S; consists of the 4 sides of the rectangle:

Csp ={(1,y,0) |0 <y < 2}, Csp ={(x,2,0) [0 <x < 1},
Cs3=1{(0,y,0) [0 <y < 2}, Csa ={(x%,0,0) |0 <x < T}

(c) The boundaries of Vi, V,, V3 are illustrated below (the regions Vi, V,, V3 themselves are

are simply the volumes enclosed by the drawn surfaces):

0.5 0.5

0.5 0.5

®31 .52,1 ®52,2

’ Saa ® S3

)

S25 Si6

(i) Since V; is the inside of the sphere x* +y? + z* = 9, its boundary is the sphere itself:

S1={(x,y,z) cR3 | x2 +y2+zz —9).
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(ii) V; is a unit cube. Thus, the boundary of V; is given by the 6 faces of this cube:

SZ,] :{(X>y>0) S R3 | XY € (031)}; SZ,Z :{(X)y)]) € R3 |X>y € (O) 1)}
SZ,S :{(X)O)Z) € R3 ’ X, Z € (031)}; S2,4 :{(X) 1)2’) € Rg ‘X)Z € (031)}
S2,5 :{(O>U>Z) € R3 ’yaz € (O>1)}7 S2,6 :{(1)1.:,)7‘) € RS |va € (0>1)}

(iii) V3 is the interior of the usual cylinder (of radius 1, centred about the z-axis), restricted

to the range —1 < z < 1. Thus, its boundary consists of the segment of cylinder satisfying

—1 <z < 1, as well as the disks forming top and bottom “lids” of Vj:

Sgy] :{(X,y,Z) €R3 ‘X2+y2: ]7 —l<z< ]}~
83,2 :{(X>U>1) ERS|X2+UZ < ]}v
S35 ={(xy,—1) € R} [ X2 +y2 < 1),

(6) (Setting boundaries 1)

(a)

(b)

Suppose you apply Green’s theorem to each of the regions D; in Question (5a). De-
scribe the resulting orientation(s) on the boundary of each D; that you would obtain,

according to the statement of Green’s theorem.
Suppose you apply Stokes’ theorem to each of the surfaces S; in Question (5b), where:

— For S;, we use the orientation facing the positive x-direction.
— For S,, we use the outward-facing orientation.
— For S3, we use the orientation facing the positive z-direction.

Describe the resulting orientation(s) on the boundary of each S; that you would obtain,

according to the statement of Stokes” theorem.

Suppose you apply the divergence theorem to each of the regions V; in Question (5c¢).
Describe the resulting orientation(s) on the boundary of each V; that you would obtain,

according to the statement of the divergence theorem.

(a) Here, we use the notations from the solution of Question (5a) for our boundaries. First,

illustrations of all the orientations are drawn below:
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(i) For C;, we take the anticlockwise orientation.

(ii) We traverse around D, in the anticlockwise direction. More specifically:

« We take the upward orientation on Cj;.
« We take the left orientation on C,,.
« We take the downward orientation on Cj 3.

« We take the rightward orientation on C,4.

(ii) We traverse around Dj in the anticlockwise direction. More specifically:

« We take the rightward orientation on Cj.
« We take the upward orientation on Cj .

o We take the downward-leftward orientation on Cj 3.

(b) Here, we use the notations from the solution of Question (5b) for our boundaries. All the

orientations are illustrated below (the orientations of S, S,, S; are given as orange arrows):

f/ z

]

b ||

X —2 IR




(i) The boundary curve C; has the anticlockwise orientation on the yz-plane, as viewed from

someone standing “to the right” (higher value of x) of the half-sphere.

(ii) The orientations of the boundary pieces C,; and C,, are assigned separately:

o C,; has the clockwise orientation with respect to the xy-plane (i.e. one starts from

(x,y) = (1,0) and goes into the fourth quadrant x > 0 and y < 0).

« C,, has the anticlockwise orientation with respect to the xy-plane (i.e. one starts from
(x,y) = (1,0) and goes into the first quadrant x > 0 and y > 0).

(iii) Here, one goes anticlockwise about the square S3, when one views S; “from the top”

(i.e. from a higher value of z). More specifically:

Cs,1 goes in the positive y-direction.

Cs, goes in the negative x-direction.

C;3 goes in the negative y-direction.

Cs4 goes in the positive x-direction.

(c) Here, we use the notations from the solution of Question (5c) for our boundaries. Again,

all of the orientations are illustrated below as orange arrows:

® S3
® Sai6

(i) For Sy, we simply obtain the outward-facing orientation.

(ii) Each of the boundary pieces is given the outward orientation. More specifically:

e On S,;, we take the unit normals in the negative z-direction.
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e On S,,, we take the unit normals in the positive z-direction.

e On S,3, we take the unit normals in the negative y-direction.
e On S,4, we take the unit normals in the positive y-direction.
e On S,5, we take the unit normals in the negative x-direction.

e On S,4, we take the unit normals in the positive x-direction.

iii) Each of the boundary pieces is given the outward orientation. More specifically:
y g y
e On S35, we take the unit normals in the outward-facing direction.
e On S;3,, we take the unit normals in the positive z-direction.

e On S33, we take the unit normals in the negative z-direction.

(7) (Second derivative identities)

(a) Let f: R® — R be a smooth function. Show that the curl of the gradient of f vanishes
everywhere, that is, show that for any p € R3,

[v X (Vf)](p) = (O) O» O)p

(b) Let F be a smooth vector field on R®. Show that the divergence of the curl of F vanishes
everywhere, that is, show that for any p € R3,

[V - (V xF)l(p) =0.

(a) Recall that the gradient of f is given by

Vt(p) = (0:1f(p), 02f(p), 95f(P))p-

Thus, by the definition of the curl, we obtain

[V x (Vf)](p) = (0,03f(p) — 030,f(p), 030:f(p) — 0103f(p), 010,f(p) — 0:0:f(p))p
- (O) O) O)p;
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since the order that one takes partial derivatives of a function does not matter.
(b) Let us write F in terms of its components as
F(p) = (Fi(p), F2(p), F3(p))p-
Recall that the curl of F is given by
(V x F)(p) = (02F3(p) — 03F2(p), 03F1(p) — 01F3(p), 01F2(p) — 02F1(p))p-
Then, by the definition of the divergence, we have that

[V - (V x F)](p) = 01(0:F3 — 93F,) (p) + 92(03F; — 9:F3)(p) + 03(0:F, — 9,F;)(p)
= 0710,F3(p) — 0:03F,(p) + 0,03F(p) — 0,01F3(p)
+ 0301F,(p) — 030,F(p)
—0,

(Again, the order that one applies partial derivatives does not matter.)

(8) (Connections to Complex Variables) (Not ezaminable) Consider the plane R?, or equiv-

alently, the complex plane C. Let C denote the unit circle centred at the origin,
C={xy) eR | +y2=T)={zeC|l=1),

and assign to C the anticlockwise parametrisation. Furthermore, let f : C — C be a complex-

analytic function, and write f in terms of its components as
f(z) =u(z) +1i-v(z), zeC.
(a) Express the real and imaginary parts of the contour integral of f over C,

ReJ f(z) dz, ImJ f(z) dz,
C C

as curve integrals of appropriate vector fields over C.

(b) Use Green’s theorem to prove Cauchy’s theorem on C:
J f(z) dz = 0.
C
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(Hint: Recall that w and v satisfy the Cauchy-Riemann equations.)

(a) To parametrise C for our contour and curve integrals, we can take
v :(0,27) — R?, Y(t) = (x(t), y(t)) = (cost, sint),
or, in terms of complex numbers,
v(t) =x(t) +1i-y(t) = e'.

In particular, we can expand

27
| RO )y (0 i) x (0] d
0

Note that the two integrals on the right-hand side are now real-valued.
Define now the vector fields R and I on R? by

R(X)y) - (U(X>U)> _V(X)y))(x,y]a I(X)y) - (V(X)y)) u(X»U))(x,y)-

Then, combining the above and recalling the definition of curve integrals, we see that

27
Rej f(z) dz = j (w(y (1), —v(y(t) -v/(t)] dt = J R.ds,
C 0 C

27
Imj f(z) dz = J vy (1), uly(t) -v/(t)] dt = j I.ds.
C 0 C

(b) Let D denote the interior of C:

D ={(x,y) e R* | x* +y* < 1}.

16



Then, recalling the results of part (a) and applying Green’s theorem, we see that
RCJ f(z)dz = J R-ds=— jﬁaw(x,y) + 0,u(x,y)ldxdy,
C C 5
ImJ f(z)dz = J I-ds= jf[ani(x,y) — 0,v(x,y)]dxdy.
C C 5
Now, since f is analytic, its components satisfy the Cauchy-Riemann equations:
a1u(X)U) - aZV(X>y) =0, a]"(X)y) + aZu(X>U) =0.
Combining all the above, we conclude that

Re Jc f(z) dz = Im Jc f(z)dz =0, Jc f(z)dz = 0.

(9) (Green’s theorem fail) Let C be as in Question (8), and let F be the vector field

Py = (il i) o (o SR

(a) Show that for any (x,y) € R?\ {(0,0)},

X _ . y _
a"(xz+y2> ay( x2+yz) 0

(b) On the other hand, show that the integral of F over C is not zero. Why does this
not contradict the statement of Green’s theorem? (More specifically, why do Green’s

theorem and part (a) not imply that the integral of F over C is zero?)

(c) (Not examinable) For those taking Complex Variables, can you relate what you saw

in parts (a) and (b) to some contour integrals that you have seen?

(a) This is a direct computation using the quotient rule:

a<X> <y )_M+¢yrﬁwx+w+frrawy
X XZ +y2 Y XZ +y2 o (XZ +y2)2 (XZ +y2)2
B 7X2+y2 X27y2
- (X2+92)2 (Xz _|_y2)2
=0.
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(b) Let y be as in the solution of Question (8a). Then, a direct computation yields

27
| o= o) v, @
C JO

(2 sint cost (—sint ol at

_ _ - (—sint, cos
Jo cos?t +sin?t’ cos?t +sin’t ’
r2m

=1 1dt.
Jo

As a result, we see that
J F-ds=2mn#0.
C

This does not contradict Green’s theorem, because the vector field F fails to be well-defined
and smooth in all of the interior of C (in particular, F does not exist at (x,y) = (0,0)). This

is one of the assumptions required for Green’s theorem to be applicable.

(c) An equivalent phenomenon in complex variables is the contour integral of the function
f(z) = 12 over the unit circle, which is also nonzero. Note that f is clearly analytic, but it

fails to be defined at the origin, so Cauchy’s theorem does not apply here.
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