MTH5113 (Winter 2022): Problem Sheet 8
Solutions

(1) (Warm-up) For each of the following parts:
(i) Sketch the surface S.
(ii) Draw the unit normal n, on the sketch from part (i).
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(iii) Give an informal description (e.g. “outward-facing”, “inward-facing”, “upward-facing”)

of the side of S represented by the normal n,,.
(a) S={(x,y,z) e R} |x* +y?>+ 2% =1}, and
n, = (O) ])O)(O,—LO)-

(b) S ={(x,y,z) € R®|x*+y? =1}, and
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(€) S=1{(xy,2) € R*|z=++y?), and
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(a) The sketch of S and n,, is given below:




The unit normal n, represents the “inward-facing” orientation of S.

(b) The sketch of S and n,, is given below:

|
%

The unit normal n, represents the “outward-facing” orientation of S.
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(c) The sketch of S and n,, is given below:

n, represents the “outward”/“downward” (i.e. decreasing z-value) orientation of S.

(2) (Warm-up) Compute the surface areas of the following parametric surfaces:

(a) Parametric torus:
«: (0,27m) x (0,27) — R, o(u,v) = ((2 + cosu) cosv, (24 cosu)sinv, sinu).

(See Question (8b) of Problem Sheet 1 for a plot of x.)
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(b) Parallellogram spanned by vectors a,b € R3:
B:(0,1) x (0,1) = R3, Blu,v)=u-a+v-b.

State your answer in terms of a and b.

(a) By direct computations (see also Question (1) of Problem Sheet 7), we obtain

070(u,v) = (—sinucosv, —sinusinv, cosu),
0,0(u,v) = (—(2+ cosu) sinv, (24 cosu)cosv, 0),

070(u,v) x 9;0(u,v) = —(2 4 cosu) - (coswcosv, cosusinv, sinu)

1910(w,v) x d,0(1, V)| = |2 + cosulv/cos2 wcos? v + cos? usin? v + sin? v

=2+ cosu.

Thus, by the definition of (parametric) surface area, we conclude that

Alx) = ff |07 (1, v) x 0,0(u,v)| dudv
(0,27) x (0,2m)

21 27
= J J (24 cosu) dudv
o Jo

27
= 2’7‘[J 2du
0

= 87’

(In the above, we applied Fubini’s theorem and the fundamental theorem of calculus.)

(b) The first step is to take partial derivatives of 3. In order to do this carefully, we expand

a = (aj,az,a3) and b = (b, by, b3) and then compute

B(w,v) = (ua; + vby, uay + vby, uaz + vbs),
013(w,v) = (a1, az,a3) =a,

023 (u,v) = (b1, bz, b3) =b.
In particular, we note that

013 (1, v) x 023 (u, V)| = |a x b,



which is a constant. As a result, we obtain, for the surface area,

AB) = [ 121B(w,v) x 3B (u,v)| dudv

(0,1)%(0,1)

10
:J J la x b| dudv
0 Jo

= |a x b].
(3) [Marked] Consider the hyperboloid

H={(xy,z) eR | x* +y* -2 =1}

(a) Find the tangent plane to H at (1,—1,1).
(b) Find the unit normals to H at (1,—1,1).
(c) Which of the two unit normals in (b) represents the “outward-facing” side of H?

(For part (c), you do not have to prove the answer. You can find the answer by sketching H

and the appropriate normals and then inspecting your sketch.)

(a) The first step is to give a parametrisation of H that passes through (1,—1,1). One

straightforward option is to take w = x and v =y, and with positive z-values:

o:{(u,v) e R*|u?+Vv* > 1} = A, o(u,v) = (u,v, Vu? + vz — 1) .

The partial derivatives of o are then given by:

o10(u,v) = (1,0, u) ! 020(u,v) = (O, 1, v) :
vu? +v2—1 vu? +v2—1

[1 mark for an almost correct answer up to this point]

Note that (1,—1,1) = o(1,—1). Thus, evaluating at (u,v) = (1,—1), we obtain
010(1,—1) = (1,0, 1), 0,0(1,—1) = (0,1,—1).

As a result, the tangent plane to H at (1,—1,1) is given by

TU» L])HZT 1 —1 {(l ] 0 ] 1_1,1)+b-(0,1,—1)(1,_1,1)}a,b GR}.



[1 mark for an almost correct answer]
(b) Taking a cross product of the partial derivatives in (a), we see that
910(1,—1) x 0,0(1,—1) = (=1,1,1),  [9y0(1,=1) x d,0(1,—1)| = /3.

As a result, the unit normals to H at (1,—1,1) = o(1,—1) are given by

610'(1,*1) X 620(1,—1)

S(1,-1) =+
ms (=1 = £ 5 57, 1) x 02001, =11

“)71)

1

[2 marks for an almost correct answer]

(c) The outward-facing side of H is captured by the unit normal

N 1 1

n, =———(—1,1, ) 11 = —=
o \/g( )(l, 1,1) \/§

One can see this by sketching # and the two unit normals nZ:

(L,=1,=Da_-

3%tz

C="Y

—1.5

-3

(In the illustration, H is drawn in grey, n is drawn in pink and is inward-facing, and n; is

drawn in blue and is outward-facing.) [1 mark for a reasonable attempt]



(4) [Tutorial] Consider the sphere
S = {(X>U>Z) S R? | x? +y2 +ZZ =1}

(a) Find two parametrisations of S? such that the combined images of all these parametri-

sations cover all of S?.
(b) Show that the unit normals to S* at any p € S* are given by +p,.

(c) What choice of unit normals of S* defines the “outward-facing” orientation of S?? What

choice of unit normals of S? defines the “inward-facing” orientation of S??

(a) There are many different ways to do this, and we only give one answer here. For example,

one could begin with the spherical coordinate parametrisation of S?:
p:R x (0,7) = R3, p(u,v) = (cosusinv, sinusinv, cosv).

In particular, p is a regular parametrisation of S?, and its image is S\ {(0, 0, £1)}—that is,

all of S* except for the north and south poles. (See the lecture notes for this derivativation.)

To reach the points {(0, 0, 1)} that are excluded by p, we can take another parametrisation

that is obtained by switching around the x, y, and z-components of p:
T:R x (0,71) = R, T(u,v) = (cosv, cosusinv, sinusinv).

From what we know about p, we see that the image of T is all of S? except for the points

{(£1,0,0)}. In particular, the images of p and T together cover all of S?.
Another strategy is to use stereographic projections—see Question (8) of Problem Sheet 7.
(b) The simplest way to do this is to note that S? is a level set,
$* ={(x,y,2) € R* | s(x,y,2) = 1},
where s is the function

s:R> S R, s(x,y,2z) =x* +y* + 2%



Taking a gradient of s yields, at each (x,y,z) € S?,

Vs(x,Y,z) = (2%, 2Y,22) (xy,2), Vs(x,y,z)| = 2v/x* +y2 + 22 = 2,

where in the last step, we recalled that x* +y? +z? = 1 for any (x,y,z) € S*. Therefore, we

conclude that the unit normals to S at any p = (x,y,z) € S? are

" 1

1
Ilp = im : VS(X,y,Z) = ii . (ZX)ZU)ZZ)(X,y,Z) = j:pp

The unit normals can also be computed using the parametrisations from (a).

(c) The choice of the unit normal +p, at each p € S* (notice that these vary smoothly with
respect to p) defines the outward-facing orientation of S?. (In particular, if you plot the

arrows +p, on the sphere, you will see that they all point outwards from the sphere.)

On the other hand, the choice of the unit normal —p, at each p € S?* defines the inward-
facing orientation of S?. (In particular, if you plot the arrows —pp on the sphere, you will

see that they all point inwards into the sphere.)
(5) (Fun with graphs) Let f:R? — R be a smooth function, and let
Gr = {(X,y,l) € R’ | z= f(x)y)}

be the graph of f, which we know to be a surface. For any (x,y) € R?:
(a) Find the tangent plane to Gy at (x,y, f(x,y)).

(b) Find the unit normals to G¢ at (x,y, f(x,y)).

Give your answers in terms of f and its derivatives at (x,y).
(a) First, the following is a parametrisation of Gy:

o:R? = Gy, o(u,v) = (u,v, f(u,v)).
In particular, note that (x,y, f(x,y)) = o(x,y).

Taking partial derivatives of o yields

a1G(X)y) - (1>O>a1f(x>y)), azG(X>U) - (Oy 13 aZf(X>y))-



Thus, by the definition of the tangent plane, we have

Tyt G = To(X,Y)
= {a-(1,0,01f(%, Y)) (x, iy + b+ (0, 1,02F(%,Y)) (xyy iy | @ b € R}

(b) Continuing from part (a), we compute

a1G(X>U) X aZG(Xay) - (—a1f(X,U)>—azf(X»U)> 1)7
010(x,y) x 020(x,y)| = /T + [0:1F(x,y)12 + [0:F(x, y)I2.

As a result, the unit normals are given by

. [ 910(x,y) x 9:0(x,y)
n(x fxy)) +
Wiy |a10(x,y) X azU(XﬂJ)’ o(xy)
1

: (—a1f(X, y)) _aZf(X» y)) 1 )(x,y,f(x,y))-

w [01F(x, y)I? + [02F(x, y) 12

Alternatively, one can observe that Gy is the level set of the function
F(x,y,z) =z —f(x,y).
Moreover, the gradient of F satisfies
VFE(x,y,z) = (—=01f(x,y), —02f(x,Y)y 1) (xy.2)-

Thus, the unit normals at (x,y, f(x,y)) are also given by

1
+
-VF
n(xwyf( ) |VF(X Y, ( y)” \Y (X)y)f(x>y))

=4 1
V14 [01(x,y)12 + [02f(x, y)I2

: (_aﬂC(X) U)) —azf(X>U)» 1 )(x,y,f(x,y})-

(6) (Tangent planes revisited) Let f: R3> — R be a smooth function, and let

S ={(x,y,z) € R | f(x,y,z) = 0}



be a level set of f. In addition, assume Vf(p) is nonzero for any p € S, so that S is a surface.

Show that at each p € S, the tangent plane to S at p satisfies

T,S ={v, € T,R?| v, - Vf(p) = O}.

Let us denote the right-hand side of the above by V:
V ={v, € T,R* | v, - Vf(p) = 0}

Since we have shown (see either the lectures or lecture notes) that Vf(p) is normal to every
element of T,S, it follows that T,S C V.

Next, observe that V is a 2-dimensional vector space*. Then, since V and T,S are both

2-dimensional subspaces of T,R?, and since V C T,S, it follows that V = T,S, as desired.

* To actually prove that V is 2-dimensional, one can do a bit of linear algebra. For this, we

let A : T,R® — R denote the linear operator
A(vp) = v, - VI(p).

Note that V is the kernel, or nullspace, of A. Since A is not everywhere zero, then rank A = 1.

Since T,R? is 3-dimensional, we conclude that

dim V = dim(ker A) = dim T,R* — dim(rank A) =3 — 1 = 2.

(7) (Surface area in higher dimensions)

(a) Let P be a parallelogram in R", with two of its sides given by tangent vectors a, and
b, (where a,b,p € R"). Recall from lectures and the lecture notes that when n = 3,

the area of P is given by |a x b|. Show that for general n, the area of P satisfies

A(P) = det[a'a a'b].
b-a b-b

(In particular, when n # 3, we no longer have the cross product.)

(b) Use the results from part (a) to give a reasonable definition of the surface area of a

regular parametric surface o : U — R", for any dimension n.
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(a) Letting a, represent the “base” of P, letting h denote the “height” of P, and letting 6

denote the angle between a, and b, we see (as in the lectures) that
A(P) = |al - h = |a|/b| sin 0.
Squaring the above and recalling the usual trigonometric identities, we see that
[A(P)]? = |al*/bl* sin® 0 = |a*|b|* — |a]?*|b|* cos® 6.
Recalling the basic properties of dot products, the above can now be written as

[A(P)P = (a-a)(b-b) — (a-b)* = det la'a b]

b-a b-b
and the desired formula follows.

(b) Recall that when n = 3, the definition of surface area is given by

Alo) = J] |070(u,v) X 0,0(u,v)| dudv,
u

and the integrand [0,0(u,v) x 0,0(u,Vv)| represents the area of an “infinitesimal” parallel-
ogram at o(u,v). Thus, in higher dimensions, we can replace the above integrand by the

corresponding formula for the area of a parallelogram in R™ obtained in part (a):

Alo) = fj F(u,v) dudv,
u

Flu,v) = | det [am(u"’) -010(u,v) dr0(u,v)- azc(u,v)]

9,0(w,v) - 910(w,v) d0(u,v) - 01, v)|

(8) (Confusion with Mébius bands) Consider the parametric surface

u v u v u v
o:(—1,1) xR = R3, o(u,v) = ((1 — Esin z) cos Vv, (1 —5 sin E) sin v, 5 cos z) ,
and let M be defined as the image of 0. One can, in fact, show that M is a surface, and that
o is a parametrisation of M whose image is all of M. (Here, you can assume both of these
facts without proving them.) In particular, this M gives an explicit description of a Mdbius

band; see Figure 4.21 in the lecture notes for an illustration of M.
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Ms. Mistake (who is close friends with Mr. Error from Problem Sheet 4) decides to choose
the following unit normals to M:
0;0(u,v) x 9,0(u,v)

- = —1,1) x R.
no‘ (u)v) + |a]0-(u)\)) % azo-(u,\)” 9 (u)v) e ( ) ) X

o(u,v)

Ms. Mistake concludes that the nf(u,v)’s she chose define an orientation of M, and hence
M is orientable! As a wise tutor for MTH5113, explain why Ms. Mistake is mistaken!

To explain this, one needs to understand how o behaves. The first point to note that
0(0,0) = o(0,27) = (1,0,0).

(The above is a special case of the following observation: every time the parameter v increases

by 27, the corresponding values o(0,v) travel one full lap around M.)

Next, let us compute the partial derivatives of o (at u = 0 for simplicity):

2 2 2 2

0,0(0,v) = (—sinv, cosv, 0).

1 1 1
010(0,v) = <—2 sianosv, —= sinysinv, > cosv) ;

Taking a cross product of the above yields

1 v v oV
010(0,v) x 0,0(0,v) = —3 (cosvcos 1 sinv cos 7> sin 2) ,
1
|010(0,v) x 0,0(0,v)| = >
As a result, at (u,v) = (0,v), we have
v v v
n' (0,v) = —(cosv cos o, sinvcos o, sin 2>0(O’v).

In particular, at v =0 and v = 27, we have
n;(0,0) = (=1,0,0)a00,  ng(0,27) = (1,0,0)100),

that is, the nt(u,v)’s include both unit normals of M at (1,0,0)! As a result, the n (u,v)’s
do not define an orientation of M (since an orientation is by definition a choice of only one

unit normal at each point), hence Ms. Mistake is indeed mistaken.
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(More generally, the nZ (u,v)’s include both unit normals to any point of M.)
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